Abstract. Letĝ be an untwisted a ne Kac-Moody algebra, with its Sklyanin-Drinfel'd structure of Lie bialgebra, and letĥ be the dual Lie bialgebra. By dualizing the quantum double construction | via formal Hopf algebras | we construct a new quantum group U q ?ĥ , dual of U q (ĝ). Studying its specializations at roots of 1 (in particular, its classical limits), we prove that it yields quantizations ofĥ and b G 1 (the formal group attached toĝ), and we construct new quantum Frobenius morphisms. The whole picture extends to the untwisted a ne case the results known for quantum groups of nite type.
Introduction
"Dualitas dualitatum et omnia dualitas" N. Barbecue, "Scholia" Letĝ be an untwisted a ne complex Kac-Moody algebra, with the Sklyanin-Drinfel'd structure of Lie bialgebra; letĥ be its dual Lie bialgebra. Let R be the subring of complex rational functions having no poles at roots of 1. Let U q (ĝ) be the quantum group | over the eld C (q) | associated toĝ: then there exists an integer form of U q (ĝ) over R which for q ! 1 specializes to U(ĝ) as a Poisson Hopf coalgebra. On the other hand, another integer form exists which for q ! 1 specializes (as a Poisson Hopf algebra) to F b H , the function algebra of an in nite dimensional proalgebraic Poisson group b H whose tangent Lie bialgebra isĥ.
Our aim is to nd an analogue of U q (ĝ) for the algebraĥ instead ofĝ; motivated by the nite-type case, a reasonable candidate is the linear dual U q (ĝ) , which has a natural structure of formal Hopf algebra. This dual can be quite well studied by dualizing Drinfel'd's construction of the quantum double and using Tanisaki's pairings. So we nd a description of U q (ĝ) , as topological algebra with formal Hopf algebra structure, in terms of generators and relations: we call this algebra U q ?^h , for in fact we prove that it is forĥ what U q (ĝ) is forĝ. In particular, U q ?^h has an integer form (over R) which is a quantization of U ?^h ; moreover, U q ?^h has also a second integer form which is a quantization of F 1 b G .
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Typeset by A M S-T E X 2 FABIO GAVARINI More in general, both forms can be specialized at roots of 1, and quantum Frobenius morphisms exist (for both kind of forms) which are dual of those of U q (ĝ).
Here is a brief sketch of the main ideas of the paper. First, U q (ĝ) is a quotient of a quantum double D q (ĝ) ?^h := U q (ĝ) (actually, one has to keep track of some choice of lattices too, involved in the toral parts) and gives us all claimed results.
x 1 The classical objects 1.1 Cartan data. Let g be a simple nite dimensional complex Lie algebra, and consider the folllowing data.
We take I 0 = f1;:::;ng to be the set of vertices of the Dynkin diagram of g ( We denoteĝ the untwisted a ne Kac-Moody algebra associated to g and we consider its loop-algebra like realization aŝ Thenĝ has a decomposition into direct sum oft and root spacesĝ =t ? 2 ĝ , and dim C ?^g = 1 if 2 re , dim C ?^g = # ? I 0 = n if 2 im + ; therefore we de ne the set e + of "positive roots with multiplicity" as e + := re + e im + , where e im + := im + I 0 ; then we denote p : e + ! + the natural projection map.
Furthermore, we have: the root lattice (ofĝ) Q = P 2 Z = i2I Z i = Z 0 Q 0 = Q 0 Z , Q 1 := Q Z 1 (where 1 (2 h ) is the dual element to (2 h)), and the order relation on Q 1 given by () ? 2 Q + , with Q + := P i2I N i ; the extended Cartan matrix A 1 = ? a ij i;j2I 1 , de ned by setting a i1 := i;0 , a 1j := 0;j ; the diagonal matrix D 1 = diag(d 0 ; d 1 ; : : : ; d n ; d 1 ) with d 1 = 1 the non-degenerate symmetric bilinear form on Q 1 Z R given by ( i ; j ) = d i a ij ( 8i;j 2 I 1 ); the group W = W 0 n Q _ 0 , the subset of simple re ections fs 0 ; s 1 ; : : : ; s n g = fs i j i 2 I g( W ) , and the length function l: W ! N ; the braid group B (associated to W ), generated by fT 0 ; T 1 ; : : : ; T n g = fT i j i 2 I g, and the section T: W ! B such that T w = T i 1 T i r for all w = s i 1 s i r 2 W with l(w) = r. Notice that the form ( ; ) is W{invariant.
We de ne the weight lattice P 1 := Hom Z ? Q 1 ; Z to be the dual lattice of Q 1 , and we x the Z{basis f! i j i 2 I 1 g such that h i j! j i = ij , where h j i:Q 1 P 1 ! Z is the natural pairing; we set P + 1 := P n i=1 N! i (the subset of dominant integral weights). In the sequel we denote by f i j i 2 I 1 g and f i j i 2 I 1 g xed Z{bases of M and M 0 dual of each other, i. e. such that ( i j j ) = ij for all i; j 2 I 1 , and we set M + := M\P + 1 . In the following our constructions will work in general for the pairs of dual lattices ? P 1 ; Q 1 and ? Q 1 ; P 1 ); but in the simply laced case (in which h ; i = ( ; ) ) (M; M 0 ) will be any pair of dual lattices.
1.2 The classical Manin triple. Let be given forĝ the usual presentation by Chevalley-type generators f i , h j , e i (i 2 I, j 2 I 1 ) and relations; then letn + , resp.n ? , be the Lie subalgebra ofĝ generated by the e i 's, resp. the f i 's (i 2 I ). Now letk be the bilinear form onk gives by restriction a non-degenerate pairing h ; i:ĥ ĝ ! C which respect the Lie bialgebra structure on both sides, that is x; y 1 ; y 2 ] = ĥ (x) ; y 1 y 2 , x 1 ; x 2 ] ; y = x 1 x 2 ; ĝ (y) , where is the Lie cobracket. for all i 2 I, j 2 I 1 ; here the e 's and the f 's are suitable "root-with-mulitplicity vectors" (respectively of "weight" p( ) and ?p( ) ) such that e ; f = + ; d 2 , f ; f = ? ; d 2 (f and e being root-with-multiplicity vectors ofĝ), the c ; 's are given by the equations e ; f = c ; h p( ) and the c i; ; 's by f ; e = c i;? ; f i , f ; e = c i;+ ; e i . Note that the formulas above contains in nite sums, so in fact takes values in a certain completion of U ?^h U ?^h ; hence to be precise U ?^h is a Hopf algebra which is co-Poisson only in a larger sense; and similarly forĥ as a Lie bialgebra).
x 2 Quantum Borel algebras and DRT pairings 2.1 Quantum Borel algebras. From now on M will be any lattice such that Q 1 M P 1 ; then M 0 will be the dual lattice de ned as in x1.1 (upon conditions therein).
For all s; n 2 N , let (n) q := q n ?1 q?1 (2 Z q]) , (n) q ! := Q n r=1 (r) q , ( n s ) q := for all i; j 2 I, i 6 = j, and ; 2 M ; these are both Hopf algebras, with
S(E i ) = ?L ? i E i for all i 2 I , 2 M . We also consider the subalgebras U M q (t) (generated by the L 's), U q (n ? ) (generated by the F i 's), U q (n + ) (generated by the E i 's). In the sequel we shall Claim (b): If in one integer form (of a subalgebra of a quantum Borel algebra) we x a PBW basis, then on the other hand the form (of the opposite algebra) of opposite typographic "font" does contain a PBW basis | made with "dotted" root vectors (which are equal to the old ones for real roots) which is dual to the initial one.
Therefore integer forms of opposite "fonts" are R{dual of each other, in the following sense: for every DRT pairing, if we take U on one side, then the form U on the other side 
Finally, PBW bases of quantum Borel algebras provide PBW bases of D M q (ĝ). In the sequel we shall also use the notation D M := D M q (ĝ) .
3.3 The quantum algebra U M q (ĝ) . Let 
is a Hopf algebra. The presentation above yields one of U M q (ĝ) := D M q (ĝ) .
K M : it is the associative C (q){algebra with 1 given by generators F i , L , E i and relations (for all 2 M, i; j; h 2 I with i 6 = j ) with the Hopf structure given by (over R); the latter is also a C (q){basis of U M q (ĝ), hence U M (ĝ) is an R{form of U M q (ĝ). Like for quantum Borel algebras, the same forms can also be de ned using modi ed root vectors, hence they have also PBW bases of ordered monomials in the M i 's and the modi ed root vectors.
3.5 Specialization at roots of 1 and quantum Frobenius morphisms. In sight of specializations, C will be thought of as an R{algebra via C = R (q?c) , for all c 2 C nf0g.
Let " be a primitive`{th root of 1, for`odd,`> d := max i fd i g i , or`= 1 . Then x 4 Quantum formal groups 4.1 Formal Hopf algebras and quantum formal groups. In this subsection we introduce the notion of quantum formal group. Recall (cf. Di], ch. I) that formal groups can be de ned in a category of a special type of commutative topological algebras, whose underlying vector space (or module) is linearly compact; following Drinfel'd's philosophy,we de ne quantum formal groups by simply dropping out any commutativity assumption of the classical notion of formal group; thus now we quickly outline how to modify the latter (following Di], ch. I) in order to de ne our new quantum objects.
Let E be any vector space over a eld K (one can then generalize more or less wathever follows to the case of free modules over a ring), and let E be its (linear) dual; we write hx ; xi for x (x) for x 2 E , x 2 E . We consider on E the weak {topology, i. e. the coarsest topology such that for each x 2 E the linear map x 7 ! hx ; xi of E into K is continuous, when K is given the discrete topology. We can describe this topology by choosing a basis fe i g i2I of E : to each i 2 I we associate the linear (coordinate) form e i on E such that he i ; e j i = ij , and we say that the family fe i g i2I is the pseudobasis of E dual to fe i g i2I ; then the subspace E 0 of E which is (algebraically) generated by the e i is dense in E , and E is nothing but the completion of E 0 , when E 0 is given the topology for which a fundamental system of neighborhoods of 0 consists of the vector subspaces containing almost all the e i ; thus elements of E can be described by series in the e i 's which in the given topology are in fact convergent. Finally, the topological vector spaces E are characterized by the property of linear compactness.
Let now E, F be any two vector spaces over K, and u: E ! F a linear map; then the dual map u : F ! E is continuous, and conversely for any linear map v: F ! E which is continuous there exists a unique linear map u: E ! F such that v = u .
The tensor product E F is naturally identi ed to a subspace of (E F) by hx y ; x yi = hx ; xi hy ; yi ; thus if fe i g i2I and ff j g j2J are bases of E and F, and fe i g i2I and ff j g j2J their dual pseudobases in E and F , then fe i f j g i2I;j2J is the dual pseudobasis of fe i f j g i2I;j2J in (E F) . Thus (E F q (ĝ) be given, and expand it as a series f = P ; F ; E in which the F 's, resp. the E 's, are PBW monomials of U ? , resp. of U + , and ; 2 U M 0 0 . Now x , and let E be the PBW-like monomial of U + which is (up to q s , for some s 2 Z) the dual of F : according to Lemma 2.5, this is an ordered product of the E 's ( 2 re + ) and of the duals of the r r] q i F (r ;i) 's ( (r ; i) 2 e im + ); similarly, x and let F be the PBW-like monomial of U ? which is the dual (up to q t , for some t 2 Z) of E : thanks to the Claim in x2.7, we have E ; F 2 U M (ĝ) . given by decomposition in direct sum of weight spaces for the adjoint action of U M 0 ; also U M has an analogous Q ? {grading. These are gradings of Hopf algebras (in the usual obvious sense), inherited by the integer forms, and DRT pairings respect them, that is e. g. 4.13 Some umbral calculus. In this section we provide concrete information about the Hopf structure of our quantum formal groups. This will be especially important for de ning integer forms and specializing them at roots of 1. To be short we use the notation q ?q ?1 : here _ F , resp. _ E , is the dual, resp. minus the dual, of E , resp. F , with respect to , resp. . We de neĤ M to be the associative C (q){algebra with 1 with generators F i ; L ; E i ( 2 M ; i 2 I) and relations (for all ; 2 M, i; j 2 I, i 6 = j)
We also use notation M i := L i (i 2 I 1 ), where i ji 2 I 1 is a xed Z{basis of M.
De ne N e + to be the set of all functions f : e + ! N such that f( ) = 0 for almost all 2 e + . For any := (f ) 2 e + 2 N e + , := (e ) 2 e + 2 N e + , set F := Q 2 e + F f , E := Q 2 e + E e , where the products are meant to be ordered, like in x2. We shall also use a similar notation when dealing with PBW monomials of U or of U , e.g. in order to get a reasonable R{integer form, it turns out to be necessary to impose two bounding conditions. The rst condition is on the size of the "toral part" of an element in U M q ?^h : we tackle it in xx5.4{5 below; the second one is on the behaviour of an element in U M q ?^h (as a series), and is inspired by (4.7) and (4.9): we deal with it in xx5.7{9.
Hereafter, we freely use the term pseudobasis to mean a topological basis of a topological module, so that any element in the module has a unique expansion as a series in the elements of the pseudobasis. Proof. For Fr^h the result follows from (3.11) by duality (cf. the proof of Theorem 6.7); since on quantum unipotent subalgebras Frĝ coincides with Fr^h (they are de ned by the same formulas) the result follows for Frĝ too (otherwise, we can get it again by duality from (6.4) below, with the same argument used for Fr^h).
Similar arguments to those used to prove Theorem 6.7 provide a proof of the next result, which is the analogue of (3.9); as usual, we set for all x; y 2 U(ĝ) provided that x; y] 6 = 0 (to be complete we may set @(0) := ?1); using these identities and Leibnitz' and co-Leibnitz' rules we easily reduce to prove that the remaining identities in (6.5) do hold in degree 1, i.e. for x; y 2ĥ and z; w 2ĝ : but this again follows from de nition. Finally to prove that P is an extension of the classical Poisson pairing it is enough to perform a computation on Chevalley generators, which is completely straightforward.
6.12 The pairing P ( x + y ; z) = P (x; z) + P (y; z) P (x ; u + v) = P (x; u) + P (x; v) P ? x y ; z = P ? x y ; (z) ; P ? x ; z w = P ? (x) ; z w P ? fx;yg; z = P ? x y ; r(z) ; P ? x ; fz;wg = P ? r(x); z w Proof. Just mimick the proof of Theorem 6.11 above.
Remark: If we extend R by adding a D 1 {th root of unity (D 1 being de ned in x1.1) we can perform the previous construction for any pair of lattices M 1 , M 2 such that Q 1 M 1 ; M 2 P 1 , thus getting corresponding pairings like the one of Theorem 6.13.
